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This paper gives a simple L mbinatorial proof of the multiplicativity of directed cycles of prime 
power length. 
Let G and _Pj be digraphs. We say G is homomorphic to H, written as G --) H, if 
there is an edge preserving mapping (homomorphism)f: V(G) - V(H). If no such 
mapping exists, we say that G is not homomorphic to Hand write G % N. A digraph 
D is called multiplicative if the class of digraphs which are not homomorphic to D 
is closed under products. Here the product is the categorial product, i.e., (a, b)(c,d) 
is an edge of G x H if and only if ac is an edge of G and bd an edge of H. Similar 
definitions apply to graphs. 
Multiplicativity of graphs and digraphs is motivated by the conjecture, due to 
Hedetniemi [3], that the product of two graphs of chromatic number n also has 
chromatic number n. (This is equivalent o asserting that the complete graph of 
order n - 1 is multiplicative.) For graphs the best result known is that all cycles are 
multiplicative [I ,%I. For oriented cycles the situation is not as simple. However they 
have been investigated thoroughly and there is now a complete classification of 
multiplicative oriented cycles [2,5,8,9]. 
0166-218X/92/$05.00 ‘G 1992-Elsevier Science Publishers B.V. Ail rights reserved 
314 x. Zlw 
For a positive integer n, let C,l be the directed cvcle with vertices 0, 1,2, . . . , n - 1 
and edges (i,i+ 1) for OS&n - 2 and (n - LO). If n is not a prime power, let n = km 
with k and m relatively prime. Then C,, is isomorphic to Ck x C,,,, while C,,. % C,, 
and C,,, % C,l. Therefore C,, is not multiplicative. 
Directed cycles of prime power length were conjectured to be multiplicative by 
NeSetPil and Pultr [6]. This was first proved by Haggkvist, Hell, Miller and 
Neumann Lara [2]. However their proof is not combinatorial and uses a deep result 
from homotopy theory. In [8], Zhou gave a combinatorial, but quite complex proof 
based on the method of [I], which was later somewhat simplified in [4]. However 
even that proof was quite long. Here we give a simple combinatorial proof of this 
result. 
Theorem 1 [2]. The directed cycle Ctl is mdtiplicative if and only if n is a prime 
po Iver. 
Let G be a digraph. An oriented walk P of G is a sequence of vertices and edges 
(uO,er,or,e~, . . .. u,, _ I, en, o,,) such that ei is either (t+ _I, ui) (a forward edge) or 
(vi, vi_ !) (a backward edge). We will refer to such an oriented walk just by its se- 
quence of vertices. If all the vertices are distinct, we have an oriented path. If 
v. = v,~, we have a closed oriented walk. If v. = v,, and all other vertices are distiuct, 
we have an oriented cycle. The inverse P’ of P has the same vertex set and edge 
set as P but is traversed in the opposite direction, i.e., PT is the sequence 
(u,I,v,1-_1, .**, vl,v,,). The length l(P) of P is the number of forward edges of P 
minus the number of backward edges of P. Hence I(P) = -I(P’). For vie P, the 
level &,(v,) of vi in P is the length of the subpath of P from v. to vi. If 
P, =@,o ,,.. 0, VJ and Pz=(uo,ul,..., u,,) are two oriented walks of G and v,, = uo, 
then P, 0 Pz is the oriented walk of G obtained by adding ;)z to the end of P,. It is 
easy to see that !(P, 0 Pz) = I(P,) + I(Pz). 
The following two facts were observed in [2]: 
(1) A digraph G is homomorphic to C,l if and only if every oriented cycle of G 
(or equivalently every closed oriented walk of G) has length 0 (mod n). 
(2) Suppose P, = (vo, vl, . . . , ok) and Pz = (uo, ul, . . . , u,,,) are two oriented paths of 
length t such that for every Vi E PI we have 05 n,(vi) 5 t and for every Uj E Pz we 
have O+= (Uj)Stm Then there is an oriented walk of length t in P, x P2 from ? 
bo, 110) to (“kg u,,,). 
As noted in [2], the proof of (1) is straightforward and (2) can be proved by double 
induction on t, the length of PI and P2, and 4, the total number of vertices of PI 
and Pz of level 0. Now we are ready to prove Theorem 1. 
Proof of Theorem 1. We may assume that n is a prime power, since we have already 
observed that C,, is not multiplicative otherwise. Suppose G and H are digraphs 
such that G % C,l and Ht; C,, . We ilecd to show that G x H% C,l. By (l), G has an 
oriented cycle C = ( vO, vI , . . . , ok, vo> of length llzl f 0 (mod n) and II has an oriented 
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cycle C’= (MO, u,, . . . , u,,~,@ of length 4 +O (mod n). Without loss of generality, 
assume that trill > 0 and m2 > 0 and let in * = lcm(ml, m2) = klrnl = k21n2. Since n is 
a prime power, we have y11 *SO (mod n). To prove G x H% CII, it is enough to 
show that C x C’C G x H has a closed walk W of !ength no * from (oO, u,) to (uO, u,). 
First we show that there is a point vie C such that each of the walks 
(&&+I,-•JJi+j ) (I 5 jl k) (addition modulo k + 1) has nonnegative l ngth. To see 
this, let CX~=/((V~,V~,...,V~)) (Isirk) and let ai,,=min{~i:O~i<k). It is easy to 
see that Vi,, has the claimed property (observe that the length of C is ml >OJ. 
Without loss of generality, we assume that v. has this property in C and u. has 
the corresponding property in C’. 
Let P,=(vo,vl ,..., vk,vo,vl ,..., vk,vo ,..., vo) be the closed walk of C which goes 
around C exactly k, times. For convenience let v/ be the jth occurrence of vi in P, 
(1 rjlk,). i.e., write Pi as ~v~,of, . .. . v:,vf ,..., vi, . . . . vt’ , . . . , vfl, vii + ‘). Similarly, 
let P2=(&4 ,..., 4~4 ,..., u$ ,..., ui’+’ ) be the closed walk of C’ which goes 
around C’ exactly k2 times, where u! denotes the jth occurrence of Ui in P2. 
Let M, =max(n,(x):XEP1) and let M2=max(l,,(y):yEP2] and let 
M=max(M,,Mz). 
Let P/=(vA, . . . . f~$+~,vf~+~ ,... , vy) be the walk of C which is the extension of Pl 
by continuing around C until the length first reaches M + 1. Similarly let Pi = 
(UA, . . . . 14;~+‘,u:‘2+1, . . . . uj!‘) be the walk of C’ which is the extension of P2 by con- 
tinuing around C’ until the length first reaches M+ I. Let P,” be the subpath of P,’ 
from v;‘+~ to vy and let P;’ be the subpath of Pi from L@+ to uf* It is easy to 
check that 
l PI’ and P2’ are oriented paths of length M+ 1 such that for every x E Pr’ we have 
OS$,$x)rM+ 1 and for every YE Pi we have OsA,:(y)rM+ 1. 
Q 1”;’ and P;’ are oriented paths of length M + 1 - m * such that for every x E P,” 
we have Od,;(x)rM+ l--n* and for every YE P;’ we have OIA&~~ 2 
A&l-In*. 
By (2), P; x Pi has a walk W’ from (vo, uo) to (Vi, uj) of length M+ 1 and P;‘X p;’ 
has a walk W” from (vo, uo) to (vi, uJ of length M+ 1 - In*. NOW WV w”jT is a 
closed walk of length UZ* in : ’ XC’. This finishes the proof of the theorem. q 
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